SUPER TOEPLITZ OPERATORS ON LINE BUNDLES 

ROBERT HERMAN 

Abstract. Let L^ be a high power of a hermitian holomorphic hne 

bundle over a complex manifold X. Given a differential form / on X, 

'sj" ' we define a super Toeplitz operator Tf acting on the space of har- 

^P , monic (0, (7)-forms with values in L'^, with symbol /. The asymptotic 

distribution of its eigenvalues, when k tends to infinity, is obtained 

in terms of the symbol of the operator and the curvature of the line 

^^' bundle L, given certain conditions on the curvature. For example, 

already when g = 0, i.e. the case of holomorphic sections, this gen- 
eralizes a result of Boutet de Monvel and Guillemin to semi-positive 
CN . line bundles. The asympotics are obtained from the asymptotics of 

the Bergman kernels of the corresponding harmonic spaces. Appli- 
cations to sampling are also given. 
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1. Introduction 



Let (X, uj) be an n— dimensional compact hermitian manifold and let 
CN ■ L be a hermitian holomorphic line bundle over X. The fiber metric on 

L will be denoted by 0. It can be thought of as a collection of local 
^r^ ! functions: let s be a local holomorphic trivializing section of L, then 

O I locally, |s(2;)L = e~'^^^^ and the canonical curvature two-form of L is ddcj). 

(^ I Denote by X{q) be the subset of X where the curvature two-form of L 

■^ ■ is non-degenerate and has exactly q negative eigenvalues. The notation 

rip := rjP/pl will be used in the sequel, so that the volume form on X may 
be written as Un- 

^ I The spaces H'^{X,L^), consisting of global holomorphic sections with 

values in high powers of L, appear naturally in complex and algebraic ge- 
ometry, as well as in mathematical physics. In many applicaions the line 
'k/< I bundle L is positive i.e. its curvature two-form is positive and the asymp- 

^j [ totic properties of the sequence of Hilbert spaces H'^{X,L^) have been 

studied thorougly in this case. For example the asymptotic behaviour of 
the corresponding Bergman kernels is known and can be used to study 
asymptotic properties of Toeplitz operators acting on H^{X,L'^) as well 
as asymptotic conditions on the density of the distribution of sampling 
points on the manifold X (see for a recent survey from this point of 
view). The aim of the present article is to extend these results in two 
directions: to line bundles with weaker curvature properties than pos- 
itivity, such as semi-positivity (part 1) and to harmonic (0, g)— forms 
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2 ROBERT HERMAN 

with values in L^ (part 2). To emphasize the analogy between holo- 
morphic sections and harmonic forms, some rudiments of the theory of 
super manifolds is recalled. The super formalism also offers a compact 
notation. 

In part 1, following [TS] and [2^, everything is reduced to knowing the 
leading asymptotic behaviour of the Bergman kernel K{x, y). The asymp- 
totics, in turn, are obtained using a new and comparatively elementary 
approach based on the method used in |lj to prove local holomorphic 
Morse inequalities. The main application is a generalization of a theo- 
rem of Boutet de Monvel and Guillemin that expresses the asymptotic 
distribution of the eigenvalues of a Toeplitz operator in terms of the sym- 
bol of the operator 0, [IHl- When L is positive the associated dual disc 
bundle over X is strictly pseudoconvex. One can then profit from the 
knowledge of the Bergman kernel on a strictly pseudoconvex manifold 
jH]. However, when L is only semi-positive one would have to use the 
corresponding result on a weakly pseudoconvex manifold, which is not 
available. In fact, a recent counter example of Donnelly [TT] to a conjec- 
ture due to Siu, shows that the tangential Cauchy-Riemann operator on 
the boundary of the dual disc bundle does not have closed range. This 
property is essential to the previous approaches to the asymptotics of the 
Bergman kernel. 

In part 2 the approach in part 1 is extended to study the Bergman ker- 
nel of the space of harmonic (0, q)— forms with values in L^, considered 
as a bundle valued form on X x X. The main application is a general- 
ization of the theorem of Boutet de Monvel and Guillemin to Toeplitz 
operators, whose symbol is a differential form on X. These operators are 
called super Toeplitz operators and they are closely related to the oper- 
ators introduced in |^ in the context of Berezin-Toeplitz quantization of 
symplectic super manifolds. 

It should be added that part one is just a special case of part two (when 
q is equal to zero), except for the applications to sampling. However, it 
has been included to motivate the more general discussion given in the 
second part. 

Part 1. Holomorphic sections 

Let {ipi) be an orthormal base for H^{X^L). Denote by tti and 1^2 the 
projections on the factors of X x X. The Bergman kernel of the Hilbert 
space H^{X,L) is defined by 



^i^^y) = ^M^) ^i'iiy)- 



Hence, K{x,y) is a section of the pulled back line bundle ttI{L) 7r2(L) 
over X X X. For a fixed point y we identify Ky{x) := K{x,y) with a 
section of the hermitian line bundle L ® Ly, where Ly denotes the line 
bundle over X, whose constant fiber is the fiber of L over y, with the 



SUPER TOEPLITZ OPERATORS ON LINE BUNDLES 3 

induced metric. The definition of K is made so that K satifisfies the 
following reproducing property 

(1.1) a{y) = {a,Ky) 

Hoy any element a of H'^{X, L), which also shows that K is well-defined. 
In other words K represents the orthogonal projection onto H^{X, L) in 
L^(X, L). The restriction of K to the diagonal is a section of L ® L and 
we let B{x) = \K{x,x)\ be its pointwise norm: 



Bix) = J2\Ux)\' 



We will refer to B{x) as the Bergman function of H^{X,L). It has the 
following extremal property: 

(1.2) B{x) = sup\a{x)\ , 

where the supremum is taken over all normalized elements a oi H^{X, L). 
An element realizing the extremum, is called an extremal at the point x 
and is determined up to a complex constant of unit norm. In order to 
estimate K{x, y) we will have great use for a more general identity. It 
is just a reformulation of the fact that, by the reproducing propertv ll.H 



Kx/ y B{x) may be identified with an extremal at the point x. 
Proposition 1.1. Let a be an extremal at the point x. Then 

\K{x,y)\' = \a{y)\'B{x) 

Proof. First fix the point x and take a local holomorphic trivialization 
of L around x. Then we may identify K{x., y) with an element K^ of 
H^{X,L). Now we may assume that \\Kx\\ 7^ - it will be clear that 
otherwise the statement is trivially true. By the reproducing property 
11.11 of K the normalized element K^/ \\Kx\\ is an extremal of B at x. 
Furthermore, the reproducing property 11.11 also shows that the squared 
norm of K^ is given by {K^^ K^) = K^^x) = K{x, x). Hence 

\a{y)f = \KMf/Kix,x), 

for any other extremal a of 5 at x. Since \K(x,y)\ = \Kx{y)\ e~'^^^^ and 
since by definition K{x,x)e~'^^^^ = B(x) this proves the proposition. D 

Next, we will define certain operators on H^{X,L). Given a complex- 
valued bounded mesurable function / on X we define Tj, the so called 
Toeplitz operator with symbol /, by 

Tf-=Pof; 

where /■ denotes the usual multiplication operator on L'^{X, L) and P is 
the orthogonal projection onto H^{X,L). Equivalently: 

(1.3) (T;a,/3) = (/a,/3), 

We are abusing notation here: the scalar product (•, •) on H^{X,L) determines a 
pairing of Ky with any element of H'^{X, L), yielding an element of Ly. 
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for all elements a and (3 of H^{X] L). Note that the operator Tf is her- 
mitian if / is real-valued. 

When studying asymptotic properties of L'^, all objects introduced 
above will be defined with respect to the line bundle L^ . 

2. Asymptotic results for Bergman kernels and Toeplitz 

operators. 

Let us first see how to prove the following upper bound on the Bergman 
kernel function Bix) : 



,., ^ --^1 



(2.1) B^{x)<k^^-lxi^{x 



1T" 



1 

det^{-dd4>)^ 



+ oik'- 



where we have identified the two-form idd(f) with an endomorphism, using 
the metric u, so that its determinant is well-defined. Integrating this 
over all of X gives an upper bound on the dimension of the space of 
holomorphic sections: 

(2.2) dimcHl{X,L')<k-tll- [ ddd<pr + o{k^) , 

^ ^' Jx{o) ^ 

which is precisely Demailly's holomorphic Morse-inequalities for (0, g)— forms 
when q = 0. In jTj the inequality ED and it's generalization to harmonic 
(0, q)— forms were called local holomorphic Morse-inequalties. As we will 
see 12.11 follows from the submean property of holomorhic functions and 
a simple localization argument. Fix a point a; in X and choose complex 
coordinates z and a holomorphic trivialization s of L around x, such 
the metric uj is Euclidean with respect to z at and the fiber metric 
0(^) = (po{z) + 0{\z\ ), where 0o(^) = J2^=i ^i k«l ^^^ ^i ^^^ the eigen 
values of the curvature two-form dd(f), with respect to the base metric ui, 
at the point x. According to the extremal propertv 11.21 of B{x) we have 
to estimate the pointwise norm of section a at x in terms of the global 
L^ norm. Let 5^^, be balls centered at x of radius Rk — > 0. By first 
restricting the global norm to the ball Br^ and than making the change 
of variables z = ^ in the integral we get 

^^<^^ = M"|/.(0)|V / \hHfe-M-\ 

where the holomorphic functions fk represent a^ in the local frame. The 
factor pk comes from the base manifold metric and the terms of order 
0{\z\ ) in the fiber metric on L. If we now choose e.g. i?fc = ^ then the 

factor p/c — > 1 and the scaled radii ykRk — !> oo so that the integration 
in the variable w is over all of C"^ in the limit. Furthermore, since \fk\ 
is plurisubharmonic the quotient in the right hand side can be estimated 
by the inverse of the Gaussian 

1/ I e-'^°("') 
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wich tends to (l/7r)"AiA2 ■ ■ ■ A^ if all eigenvalues are positive and is 
equal to zero in the limit otherwise. This proves the upper bound on 
the Bergman kernel function I2.1I In fact, what we have proved is the 
stronger statement that for any sequence (ofc), where au is in H^{X, L^), 

1 



(2.3) limsupfc '"|afc(a;)| / WakW^^ < —^x{o){x] 



TT'' 



det,. 



:\dd<p)^ 



which will be important in the proof of theorem 12.41 

It is well-known that 12.11 is actually an asymptotic equality when L 
is positive on all of X. One can e.g. use Hormander's celebrated L^ 
estimates to obtain the equality [IE], [El, [2] (a complete asymptotic ex- 
pansion is obtained in jTHj, using micro local analysis based on [H]). But 
these methods break down if the curvature of L is only semi-positive. On 
the other hand Demailly proved, using his holomorphic Morse inequal- 
itues, that l2.1l is an asymptotic equality under the more general condition 
that X(l) is empty. Combining Demailly's result with the upper bound 
12 .11 we obtain the following theorem: 



Theorem 2.1. Suppose that X{1) is empty. Then 



k'^'B^ix) -^ — 1 



vr 



n^X(^){X} 



1 

det^{-dd4>)^ 



in L^{X,uJn). In particular, the measure B^Un/k"^^ converges to it "'lx{o){dd(f)) 
in the weak*-topology. 

Proof. The upper bound ED says that 



limsup k '"'B^{x) < j:^lx{o){x) |rfet^(f990)^| , 

k 

for any line bundle L. Moreover, if the curvature of the line bundle L is 
such that X{1) is empty, then 

B\x)u,^ = — I lx(o)(a;) 



limfc 

k 



X 



IT'' 



1 

det^{-dd(f)). 



OOn 



To see this, note that the left hand side is the dimension of the space 
if°(X, L'^). In this form the statement was first shown by Demailly in 
|H]. See also proposition 13.21 in the present paper. Finally the theorem 
follows from the following simple lemma: D 

Lemma 2.2. Assume that (X, /i) is a finite measure space and that f and 
fk are bounded functions, where the sequence fk is uniformly bounded. If 

(i)lim / fkd^= / fdfi, and (ii) limsup/^ < /. 

^ Jx Jx 

Then the sequence fk converges to f in L^(X, /i). 
Proof. By the assumption (i) 

limsup / l/fc - f\dpi = 2 limsup / Xk{fk - f)dti, 

k Jx k Jx 
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where Xk is the characteristic funtion of the set where /^ — / is non- 
negative. The right hand side can be estimated by Fatou's lemma, which 
is equivalent to the inequality 



lim sup / Qkdfi < / lim sup gkdfi, 

k J X J X k 

if the sequence gk is dominated by an L^— function. Taking gk = Xkifk ~ 
/) and using the assumption (ii), finishes the proof of the lemma. D 

The weak convergence of the previous theorem can be reformulated in 
terms of Toeplitz operators: 

Corollary 2.3. Suppose that X{1) is empty. Then for any bounded 
function f on X 

limk-"TrTj = (27r)-" /" f{idd<p)n 

Proof. From the definition ll.Hl of a Toeplitz operator TrT/ = ^j(/^I/j, "^i), 
which is equal to J^ fBk{x)ujn- The corollary now follows from the L^ 
convergence in the previous theorem. D 

We have seen how to obtain the leading asymptotics of B{x), the norm 
of the Bergman kernel K on the diagonal. The main point of the present 
paper is that the argument presented actually also shows that \K{x,y)\ 
tends to zero off the diagonal to the leading order. The idea is that 
combining the upper bound l273l with the asymptotics for B{x), one sees 
that any sequence of extremals ak at a given point x, becomes localized 
around x in the large k limit. Since K^iy) is essentually equal to ak{y), 
this will show that K{x, y) localizes to the diagonal when k tends to 
infinity. A similar argument has been used by Bouche |lj to construct 
holomorphic peak sections when L is positive. 

Theorem 2.4. Suppose thatX{l) is empty. Denote by A the current of 
integration on the diagonal in X x X. Then 

limfc k~^ \K\x, y)\^ujn{x) A ujn{y) = (27r)"nx(o)A A {ldd<P)n , 
as measures on X x X , in the weak *-topology. 

Proof. First note that the mass of the measures /ifc := I i^'^(x, y) I /k'^uJn{x)A 
ujniy) are uniformly bounded in k: first integrating over y and using the 
reproducing property 11.11 gives 

^lk{XxX) = A;-" f \{K^,K^)\uJn{x) = A;"" f Bk{x)un = fc"" dim/7°(X, L^ 

J Xx ^ ^x 

which clearly is bounded bv 12.21 Moreover, the mass of X(O)'^ x X tends 
to zero: 



/ifc(X(0) xX) = fc-" / \iK,K)\ = k-^ / Bkix)u;n = 0, 

'x(o) Jx(o) 
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where we have used the bound EH 

Hence it is enough to prove the convergence on X{0) x X. Moreover 
since the mass of the measures /i^ is bounded, it is enough to show 
that any subsequnce of fik has another subsequence that converges to 
7r~"lx(o)^ A {dd(f))n, in the weak*-topology. To simplify the notation the 
first subsequence will be indexed by k in the following. 

According to theorem 12.11 and standard integration theory there is a 
subsequence oik'^B^ that converges to tt^" \det^{^dd(l))x\ almost every- 
where on X{0). Fix a point x in X{0) where k~^Bk{x) converges. Take a 
sequence of sections afc, where au is a normalized extremal at the point 
X. Then according to proposition ll.il 

(2.4) \Kl{y)f = \a,{y)\' B\x) 

We will now show that there is a subsequence of au such that 



(2.5) 



lifll^fcllLjx 



where Bji^{x) is a ball centered in x of radius k of radius Rk ■= \nk/\/k 
with respect to the "normal" coordinates around x used in section [21 
Since the global norm of a^ is equal to one and the radii R^ tend to 
zero, it follows that the function |afc(y)| on X converges to the Dirac 
measure at x in the weak*-topology. From this convergence we will be 
able to deduce the statement of the theorem. To prove the claim IT^ first 
observe that there is a subsequence of a^ such that at the point x : 



vr 



det^{-dd(j)). 



lim kj " I Ofcj (x) 



Indeed, since ak is normalized 11.21 says that the right hand side is equal 
to k~"' times Bk{x), the Bergman function at the point x, which in turn 
tends to the left hand side according to theorem 12.11 and by the assump- 
tion on the point x. 

II 2 

Furthermore, since ak is normalized the restricted norm HafcHs^ m is 
less than one. Hence the right hand side is trivially estimated by 

I 1 2 II 1 1 2 

hm sup fcj"" \ak^{x)\ /\\ a^^, 1 1 ^^ ^^^ . 



According to 12.31 this in turn may be estimated by \det^{^dd(f))^ 
all this shows that 



TC 



det„ 



[^dd^). 



TC 



lim 

j 



det„ 



^ 



I ||"fc 



J llBf 



Xx) 



All in 



Since the left hand side is non-zero on X(0) this proves the claim [213 
Now to prove the theorem we take a test function f{x,y) and consider 
the integral 



kj- 



f{x,y)\K''^{x,y)\ ujn{x) Auniy). 



X{0)xX 
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We may restrict the integration over the first factor in X(0) xX to the set 
of all X satisfying the assumption used above, since the the complement 
is of mesure zero. Using the identity EH the integral over y (for a fixed 
point x) equals 

kJ^'B^^ix) / f{x,y)\ak^{y)\^ujn{y). 
Jx 

Since hv 12 .51 the function |a;fc(|/)| converges to the Dirac measure at x in 
the weak*-topology, the integral is equal to f{x,x) in the limit and the 
first factor is equal to 7r~" \detui{^dd(l))x\ in the limit (by theorem EHJ. 
Hence the previous integral is equal to 



(27r)-" / fix,x)itdd(l))n 
Jx{o) 

in the limit, which finishes the proof of the theorem. D 

As before the convergence may be formulated in terms of Toeplitz 
operators (a more general statement will be proved in part II (corollary 

EB)- 

Corollary 2.5. Suppose that X{1) is empty. Then 
limfc k-'^TrTfg = lim^ k-^'TrTfTg . 

We will now use the results on the asymptotics of the Bergman ker- 
nel K to express asymptotic spectral properties of Toeplitz operators in 
terms of their symbol. Denote by 

NiTf > 7) 

the number of eigenvalues of Tf that are greater than the number 7 
(counted with multiplicity). Furthermore, N{Tf < 7) is defined similarly. 

Theorem 2.6. Suppose that X{1) is empty and that f is a real-valued 
bounded function. Then for all 7 except possibly countably many the 
following holds: 

(2.6) limfc-"Ar(T/ > 7) = (27r)-'^ / {idd^)n 

and similarly for N(Tf < 7). 

Proof Given the asymptotic behaviour of K{x, y) in theorem 12. 4[ the 
proof can be adapted word by word from |in],[2|. But for completeness 
we give a proof here, that slightly simplifies the proof in [111 . We first 
prove the statement when / is the characterstic function for a given set 
VL : f = Iq,. Let us denote by T^ the corresponding operator. We may 
assume that 1 > 7 > 0. By corollary 12.31 the right hand side of 12.61 is 
then equal to the limit of /i;~"Tr T^. Moreover, by corollarv l2.5l this limit 
in turn is equal to the limit of fc~"TrTQ. We will now see that this can 
happen only if lim^ fc~"A^(Tj7 > 7) = lim^ fc~'^Tr Tq, which proves the 
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statement with this special choice of /. Indeed, since if we denote by Tj 
the eigen values of Tq, 

limfc-"^rj(l-rj) = 0, 
it follows from estimating (1 — r,) from below that 

limfc-"^rj = 0. 

Hence 

lim fc-" y Tj = lim A;-"Tr T^ = / (990)„ 

Now it is not hard to deduce that \im.kk~"'N(TQ > 7) = jQr]x(Q)(^^'^)^- 
By comparing an arbitrary function / with a characteristic function 
we will now finish the proof of the theorem. Let us first prove the lower 
bound 

(2.7) liminf A;-"iV(T/ > 7) > (27r)-" / iiddcj))n. 

First note that we may assume that / is non-negative by adding an ap- 
propriate constant to /. By the max-min principle applied to the operator 
Tf and by 11.31 

N{Tf > 7) = max {dim V : {fa, a) > 7(0, a) Va G V^} , 

where V" is a linear subspace of H^. Hence we have to find a sequence of 
subspaces Vk with 

(2.8) dim\4 = A:"(27r)-'^ f {idd4>)n + oik""), 

■^{/>7}n^(o) 

such that for any normalized a in Vk {fa, a) > 7. To this end denote by 
fl the set where / > 7 and denote by x the corresponding characteristic 
function. Since we have already proved the theorem for characteristic 
functions, there is, for any given small positive e, a sequence of subspaces 
Vk with the correct dimension 12.81 such that 

(Xtt,a) > l-e 
for all a in Vfc, Since by definition / > 7% it follows that 

{fa, a) > 7(1 -^), 
for all a in Vk- By symmetry this means that 

liminf A;-"A^(T/ > 7) > (27r)-" f {idd(t))n. 

By letting e tend to zero in the right hand side we obtain the desired 
lower bound 12.71 If we now apply this result to the function — / we 
obtain the following equivalent result: 

(2.9) liminffc-"iV(T/<(5) > (27r)-" / {idd(l))n. 

^ J{f<S}^X{Q) 
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Now note that for all except countably many numbers 7, the set {/ = 7} 
is of mesure zero with respect to the mesure {idd(f))n on X. Indeed, the 
function (7(7) = fr.^ }nx(o)(^^^'i^)" °^ ^^^ ^^^^ ^^^^ ^^ increasing and it is 
well-known that an increasing function is continous accept on a countable 
set. This forces the mesure of the set {/ = 7} to be zero for all 7 accept 
those in the countable set. Finally, since the total number of eigen values 
for any operator Tf is equal to the dimension of H^{X, L'^), we get, when 
k tends to infinity, that the sum 

limfc-"(A^(Tj > 7) + \imk-''N{Tf < 7) 

k k 

is equal to the asymptotic dimension 



(27r)-'^( / {tdd<P)n + (27r)-" / {idd<P\) 

for all 7 such that the mesure of the set {/ = 7} is zero. Combing this 
with the lower bounds 12.71 and 12. 9[ we see that we must have equality in 
12. 7| which proves the theorem. D 

The main application of the previous theorem is to show that there is 
a large supply of holomorphic sections concentrated on any given set Vt 
in X(0), in the following sence: 

II l|2^/-i \ii i|2 

||a|ln> [l-e)\\a\\^ 

for any given positive (small) e. To see this, denote by x the characteristic 
function of the set f2, and note that if a is a linear combination of eigen 
sections of the Toeplitz operator T^ then a will be concentrated on f2, as 
long as the eigenvalues are bounded from below by {1 — e). The number of 
such sections a is precisely the spectral counting function N{T^ > 1 — e). 
Hence, the previous theorem shows that there is a subspace of dimension 



A;"(27r)-" / (i990)„ + o(P), 

consisting of concentrated sections, a result that will be useful when 
studying sampling sequences in the next section. 

The following equivalent formulation of theorem l2.6l ca,n be obtained by 
standard methods in spectral theory. It generalizes a theorem of Boutet 
de Monvel and Guillemin 0, [IBl, valid when L is positive, to the case 
when X{1) is empty. 

Theorem 2.7. Suppose that X{1) is empty. Let (tj) be the eigen values 
ofTf and denote by d^k the spectral measure ofTf divided by fc", i.e. 

diu:=k-'^Y.^n^ 

i 

where 5^ is the Dirac measure centered at Ti. Then d^k tends, in the 
weak*-topology, to the push forward of the measure lx(o)(2vr)^"'(z99(/))„ 
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under the map f, i.e. 

limV a(r,) = (27r)-" [ a{f{x){idM)n 

for any mesurable function a on the real line. 

3. Sampling 

Let Dk be a finite set of points in X. We say that the sequence of 
sets Dk is sampling for the sequence of Hilbert spaces if°(X, L'^) if there 
exists a uniform constant A such that 

A-^A;-" Y^ |a(x)|' < ||a||' < Afc"" J] |a(x)|' , 

Dk Dk 

for any element a in H^{X,L''). The points in D^ will assumed to be 
separated in the following sense: the distance between any two points in 
Dk is bounded from below by a uniform constant times fc~"'. Consider 
the measures du^ on X corresponding to the sets D^ : 

duk := /c"" Yl '^^• 

Dk 

Because of the separability assumption their mass is uniformly bounded 
in k. Hence any subsequence has a subsequence that is weak *-convergent. 
Denote by du such a limit measure. It is natural to ask how dense the 
sampling points should be, for large k, in order to be sampling, i.e. 
we ask for asymptotic density conditions on the measure du. The model 
case is sampling on lattices for the Fock space, i.e. X is taken to be C" 
with its standard Euclidean metric form tuand L is the line bundle with 
constant positive curvature —2iu. If the sequence D^ is a sequence of 
lattices generated over Z by k~^^'^{ai, ...,a2n), where the Oj are positive 
numbers, then a necessary condition for this sequence to be sampling is 
that ai ■ ■ ■a2n < tt". In ([IHl, [2]) this necessary condition was generalized 
to any positive line bundle. Namely, the limit measure has to satisfy 

du > (27r)-"(i990)„. 

The next theorem shows that in order to sample H^{X, L^) when X{1) 
is empty, the sampling points have to satisfy the same necessary density 
conditions in X(0) (the part of X where L is positive) as in the case 
when the curvature is positive everywhere on X. 

Theorem 3.1. Assume that the sequence of sets Dk is sampling for the 
sequence of Hilbert spaces /7°(X, L'^). //X(l) is empty then the following 
necessary condition holds: 

dv > {2Tr)-'^{idd(j))n 
on -'^(O). In other words 

(3.1) liminf #(Dfcnf])/r > (27r)-" ! {idd(l))n 
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for any smooth domain Q contained in X(0). 

Proof. Given theorem 12.61 f applied to the characteristic function for a set 
fl) the proof can be given word by word as in [11], [21 • For completeness 
we give the argument. Suppose that the sequence Dk is sampling and 
consider a set fl in X{0). As was explained as a comment to theorem l2.6| 
the theorem shows that there is subspace of dimension 



r(27r)-" / itdd(l))n + oik'') 
Jn 

consisting of functions satisfying the concentration property 

(3.2) l|al|^>(l-£)||«||^ 

(we fix some small e).Now the claim is that for any such concentrated a 
the sampling property of the sequence D^ yields 

(3.3) ||«||^<Afc-" Yl l"(^)l'' 

where 0,^ consist of all points with distance smaller than l/y/k to Q,. 
Accepting this for a moment it is easy to see how the theorem follows. 
First note that it is enough to prove the theorem with fi replaced with the 
larger set Qk, since the number of points in Dk f]{^k — ^) is of the order 
o{k"-). To get a contradiction we now assume that the number of points in 
-Dfcfl^fc is strictly less than k'^{2iT)~'^ J^{idd(p)n + o{k'^) (meaning that 
condition 13.11 in the theoren does not hold). But then we can find a 
non-trivial element a concentrated on ^2 and vanishing in all the points 
in Dk n^fc- Indeed, a can be choosen in a space of dimension of order 
k"'{27i)~"' J^{idd(j))n and by assumption there are sufficiently few linear 
conditions to find such an a vanishing in all the points in Dkf]fik- But 
then 13.31 forces a to vanish on all of X, which is a contradiction. 

Finally, we just have to show how 13. 31 follows. For any point x a simple 
submean inequality gives as in the begining of section [2l 

k-\aix)\'<CMl^^^^^^y 

By the separation property of Dk we may thus estimate the sum over 
Dk n ^fc to obtain 

fc-" Yl H^)f<C\\a\\l<e, 

where we have used the concentration property 13.21 in the last step. 
Hence, we have proved l!01 which finishes the proof of the theorem. D 

Part 2. Harmonic forms 

The aim of the second part of the paper is to generalize the results 
in part one to d— harmonic (0,g)— forms with values in L^. We denote 
the corresponding spaces by TC'^{X,L^), which by Hodge's theorem are 
isomorphic to the Dolbeault cohomology groups H'^{X, L^). The first part 
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was based on the ohserva,tion l2.1l tha,t there is always an asymptotic upper 
bound on the Bergman kernel function Bk{x) of the space of holomorphic 
sections with values in L^. Furthermore, if the line bundle L is such 
that X{1) is empty, then it was shown, using Demailly's strong Morse 
inequalities, that the estimate is actually an asymptotic equality (at least 
in the sense of L^— convergence). 

Let us recall the approach to Demailly's inequalities presented in [l]. 
First one shows that 

(3.4) dimcnl^^{X,L') = k-^-^ [ {^ddct>)n + o{k-), 

^ Jx{q) ^ 

for the space 'H%^^^ (X, L'^) spanned by all eigenforms of Ag with eigenval- 
ues bounded by z/^^ where V], = /i^fc and /Xfc is a certain sequence tending 
to zero. We will refer to the elements of the previous space as low-energy 
forms. The dimension formula 13.41 is deduced from the following point- 
wise asymptotics for the corresponding Bergman kernel functions: 



(3-5) 5|.,(x) = -lx(.) 



det^{-dd(j))^ 



+ o{¥- 



The method of proof is a generalization of the argument used to prove 
the upper bound on Bk{x) in section [2l and will not be repeated here. 
From 13.51 one immediately gets an upper bound on the Bergman kernel 
functions for the space of all harmonic forms: 



(3.6) Bl{x) < ^U(,) 



vr' 



det^{-dd(l)). 



+ o{ie) 



(in these bounds were called local holomorphic Morse inequalities). 
However, the equality 13.51 captures much more of the asymptotic infor- 
mation of the Dolbeault complex as can be seen in the following way. 
First observe that the complex 

(3.7) {ni^{X,L'),d), 

consisting of all eigenforms of Ag with eigenvalue /i^, forms a finite di- 
mensional subcomplex of the Dolbeault complex {yt*{X,L'^),d) . Indeed, 
d commutes with A^. Moreover, the complex is exact in positive degrees 
for non-zero /ifc- The Witten 9— complex is now defined as the direct sum 
of all the complexes 13.71 with eigenvalue /i^ less than Vk- By the Hodge 
theorem the inclusion of the Witten 9— complex 

(H*<,^(X,L'=),9)^(fi*(X,L^),a), 

is a quasi-isomorphism, i.e. the cohomologies of the complexes are iso- 
morphic and 13.41 gives the dimension of the components of the Witten 
9— complex. A homological argument now yields Demailly's strong Morse 
inequalities for the truncated Euler characteristics of the Dolbeault com- 
plex 0. 

The main point of this is approach to Demailly's inequalities is to 
first prove the Bergman kernel asymptotics 13.51 - the rest of the proof is 
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more or less as Demailly's original proof, which in turn was inspired by 
Witten's analytical approach to the classical real Morse inequalities flTj . 
Let us now turn to the study of harmonic (0, q)— forms for a fixed q, 
i.e. the space H'^{X,L''). As above this space can be identified with the 
cohomology groups at degree q of the Witten (9— complex: 
(3.8) 

d d 

... -^ ni~l{x,L^) -. ni^^ix^L^) -. nZl{x,L') - ... 

The natural condition on the line bundle L that generalizes the condition 
that X{1) is empty, which was used in the study of holomorphic sections 
in part one, is that X{q — 1) and X{q + 1) both are empty. 

Proposition 3.2. Suppose that X {q — 1) andX{q+l) are empty. Then 

TT" nl Jx(q) 2 

Proof. Consider the orthogonal decomposition 

ni,Sx,L') = n%x,L')®ni{x,L'), 

where ?i!^(X, L^) denotes the eigenspaces corresponding to positive eigen- 
values. According to the dimension formula HOl we just have to show that 
the dimension of 7i^(X, L'^) is of order o(fc"). Since the operator d + d 
maps nliX, L*^) injectively into ^|t^(X, L'') © ^<;i(X, L'') the propo- 
sition now follows by applying the dimension formula 13.41 again. D 

Combining the previous proposition with the upper bound on the 
Bergman kernel function Bl{x) of the space of harmonic (0,g)— forms 
shows that 



(3.9) k-Blix) -. -Jxi,)ix) 



2 

det^{-dd(t>). 



in L^{X,uJn), exactly as in the proof of theoremEU When q is zero Bl{x) 
is the pointwise norm of the restriction of the Bergman kernel K{x, y) to 
the diagonal. For q positive, K{x,x) is (locally) a matrix and Bl{x) is 
its trace. But this means that there is now a larger gap between 13.91 and 
the behaviour of K{x, y) - one would rather like to obtain generalizations 
of theorem 12.41 to the matrix elements of K{x,y). To achive this in an 
invariant way it will be very convenient to think of K{x, y) as a bundle 
valued form on XxX. It will turn out that i^(a;, y) is not only localized on 
the subset corresponding to X{q) of the diagonal in X x X, but all of the 
contribution to K{x, x) comes from a special direction. This is already 
clear from Demailly's work. In P this fact was shown by reducing the 
problem to a model case in C" where it can be checked explicitely. In 
order to treat K{x, y) as a form and to define the special direction the 
following formalism will be useful. 
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3.1. The super integral and the dagger f (reversed complex con- 
jugation ). Consider first a real m— dimensional manifold X. Let / be 
a differential form on X, i.e. / is an element ofVL*{X, C). Then the super 
integral of / is defined to be the usual integral of the top degree form of 
/, i-e 



/l + /2 + ••• + /m :— / /m, 
IX J X 

where we have decomposed the form / with respect to the degree grading 
of f^*(X, C). It is often convenient to think of the super integral of a form 
as a double integral in the following way. Suppose that we are given a 
volume element, that we write as Um, on X. Fix a point x in X. Then 
f{x) is element of the exterior algebra over x and we define an "integral" 
of f{x) by 



(3.10) / /(x) := fm{x)/uj,n{x) 

Next, for a function /o on X, we let 



fi.x) := / f{x)uJn, 
X^io Jx 

i.e. the usual integral over X of /o with respect to the volume form a;„. 
Then the super integral of a form can be written as 



/=/ / f{x). 

A word on the notation: In the mathematics litterature the integral EHH 
is called the Berezin integral. In the physics litterature one often thinks 
of a differential form as a "super" function of m commuting ("bosonic") 
variables Xi and m anti-commuting ("fermionic") variables dxi. Taylor- 
expanding the function f{xi,...,Xm,dxi,...,dXm) in the anti-commuting 
variables yields the usual expression of a differential form. This has been 
formalized in the theory of super manifolds, where the super integral 
corresponds to the integral of a function over the super manifold X™'™, 
that can be obtained from the manifold TX* by changing the parity 
along the fibers [Tn].[7]. 

Now assume that X is an n-dimensional complex manifold with a her- 
mitian metric ui. Consider a (0, g)— form / on X. It is well-known that 
the squared norm of / may be written as 

2 
X 



Cn,, / /A/Aa;"-V(n-g)!, 



'X 

in terms of the usual integral, where Cn,q is complex constant needed to 
make the right hand side real and positive. Using the super integral we 
may write the squared norm of any form / in fi°'* (X, C) as 



, I . 
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where uj' = —2iuj and where the dagger ^ is the linear operator on 
Q*{X, C) that coincides with the usual complex conjugation on Q^{X, C) 
and satisfying 

t _ /3t A /.,t 



{aA(3y =(3^ A 



a' 



for any elements a and (3 in Q*{X,C). In particular u''^ = uj' and if if 

I = {ii,...,iq), then 

dz^ A dz^^ = {dz'' A ^') A ■ • ■ A {dz'" A rf?') 

If there is also given a hermitian line bundle L over X, then the squared 
norm of an element a of Q^'*{X, C) may be written as 

||a||^ = (^)" [ a A a^ A 6-"^+^' . 
2 Jx 

Note that we are abusing notation here: the function e~'^ representing 
the fiber metric on L is only defined locally and a A a^ is a (g, q)— form 
with values in L ® L and may not be canonically integrated. However, 
the combination a A a^ A e""^ yields a well-defined global (g, g)— form on 
X. When X is C" with its standard Euclidean metric form cuand L is 
the line bundle with constant positive curvature u', the exponent in the 
norm above, is equal to 

'^{-ZiZ'i + dzi A dzi) 

i 

and from the point of view of super manifolds the corresponding Hilbert 
space is the space of super functions on C"'" that are holomorphic in the 
even variables and anti-holomorphic in the odd variables. 

3.2. The direction form %'''''• Fix a point x in X{q). Using the metric 
uo we can identify the curvature two-form dd(j)x at x with a hermitian en- 
domorphism of the fiber over x of the holomorphic tangentbundle TX^'^ 
in the usual way |T2|. By the definition of X(g), 5(90 has precisely q 
negative eigenvalues at x and we denote the complex subspace spanned 
by the corresponding eigenvectors by V{q)x- ^ This defines a subbundle 
V{q) of TX^'°over X{q). Denote the corresponding inclusion map by i 
and let tt be the orthogonal projection of TX^'° onto V{q). On X{q) we 
define the direction form x^'"^ by 

and extend it by zero to all of X. Locally, x'^''^ can be expressed in the 
following way on X{q). Let (e,) be a local orthormal frame of TX^'° such 
that ei, ..., Cq is a local frame for V{q) and denote by e* the dual (1, 0) — 
forms. Then 



9.9 •— c^O A Jo\ 



(3.11) ^^M := e'o A e 



In the usual real Morse theory the space V{q)x corresponds to the linearization 
of the unstable manifold at a critical point. 
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In the sequel, when working with local frames over X{q), we will assume 
that ei, ...,eq are as above. Given a a form / in Q*{X,C) let f^ be the 
function defined by 

z Jxo\" 

which is just a compact way of saying that on X{q) f^ is a sum of /"'^and 
all coefficients fjj such that J f]Io = 0, where fjj denotes components 
of the form / with repect to the local base elements e^ A c^^ 

One final remark: in the notation of the previous section one can think 
of x''''^ as a cut-off function on the super manifold X"'". 

4. Bergman kernels and Toeplitz operators 

Let (ipi) be an orthormal base for a finite dimensional Hilbert space 
H^'^ of (0, q)— forms with values in L. Denote by tti and 112 the projections 
on the factors of X x X. The Bergman kernel form of the Hilbert space 
7^°''^ is defined by 

K{x,y) = ^ilJi{x)AilJi{xy 

i 

Hence, K{x, y) is a form on X x X with values in the pulled back line 
bundle 7r]'(L) ® T^li.^)- For a fixed point y we identify Ky(a;) := ]K(a;, y) 
with a (0, g)— form with values in L ® f2*^''^(X, L)y. The definition of K is 
made so that K satifisfies the following reproducing property: 

(4.1) a{y) = C-r I a AKl A e-^+-' 

for any element a in 7^°'*. The restriction of K to the diagonal can be 
identified with a (g, g)— form on X with values in L L. The Bergman 
form is defined as K{x,x)e~'^^^\ i.e. 

(4.2) M{x) = J2 M^) ^ M^y^^'^^^^ 

i 

and it is a globally well-defined (g, g)— form on X. Note that the Bergman 
function B is the trace of B'^, i.e. 

BcJn = Cn,qM> A UJn~q- 

For a given form a in f2°''^(X, L) and a decomposable form 9 in fl^''^{X)x 
of unit norm, let ag{x) denote the element of f2°'°(X, L)^. defined as 

ag{x) = {a, 9)^ 

where the scalar product takes values in L^. We call ag{x) the value of a 
at the point x, in the direction 9. Similarly, let Bg{x) denote the function 
obtained by replacing 14. 21 by the sum of the squared pointwise norms of 
ipi^o^x). Then Bg{x) has the following useful extremal property: 



(4.3) Bg{x) = sup \ag{x 



|2 



18 ROBERT HERMAN 

where the supremum is taken over all elements a in 7Y'' of unit norm. 
An element a realizing the supremum will be refered to as an extremal 
form for the space HP''^ at the point x, in the direction 9. The reproducing 
formula mU may now be written as 

(4.4) ae{y) = {a,Ky^e) 

and we have the following extremal characterization of the Bergman ker- 
nel (which also gives E 



Lemma 4.1. Let a be an an extremal at the point x in the normalized 
direction 9. Then 

\K,4y)f = Hy)f Beix) 

Proof. Fix the point x and the form 9 in A'^~'^'^{X)x and take frames 
around x such that 9 = e^.Then the pair {x, 9) determines a functional 
OTvW : 

a I— i> ai{x) . 

By the reproducing propertv 14.41 

(^lix) = C-r / « A K,j A e-'^+-' = («, K,j) 
^ Jx 

for any element a in ?i°''', where Kj,/ := '^ii'i{x)ipi is an element oH-C^. 
In terms of a frame at y we can write 

K,,/(y):=^ir,j(x,i/)i^ 
J 
By the reproducing propertv 14.41 K^r/ ||IKa;/|| is an extremal at the point 
X in the direction e^. This means that if a is another extremal at the 
point X in the direction e^ then 

\a{y)\^ = %,j{y)/\\K^A\\ 
The previous equality may be written as 

(4.5) Bi{x,x)\a{y)\' = \K,M?^~^^''\ 

since the reproducing propertv 14.41 shows that HK^,/!! = Kjj{x,x) and 
by definition Kfj{x,x)e~'^^^^ := Bj{x). This proves the lemma. D 

Next, denote by fi(°) (X, C) the commutative subalgebra 0^ nP'P{X, C) 
of n*(X,C). For an element / in f2*^°)(X, C), we define Tf, the so called 
super Toeplitz operator with form symbol f, by 

■^ V / f A n A \K 



(4.6) {Tja)iy) = (^)" / / A a A KJ A 6^^+^'. 



X 



Equivalently, 



t . 



(4.7) {Tfa, (3) = {-r / / A a A /3t A 6"^+"' 



2' -/x 



for all elements a and /3 of l-C. Note that the operator Tf is hermitian 
if / is a real form with respect to the real structure on r2^'P(X, C) 
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defined by t,i.e. if /^ = /. This means that if / is real- valued in the usual 
sense i.e. / is an element of r2*(X, M), then i"^Tf is hermitian for some 
integer m. In the following we will only consider symbols / that are real 
with respect to f. 

When studying asymptotic properties of L'', all objects introduced 
above will be defined with respect to the line bundle L''. 

Remark 4.2. The term super Toeplitz operator was used in in a closely 
related context. However, the most natural global setting corresponding 
to [S] is obtained by taking the sequence of Hilbert spaces to be the 
spaces H*'^{X,L^), i.e the direct sum of all harmonic (g,0)— forms with 
values in L'^, where q = 0, 1, ..n and where L is a positive line bundle. 
Then H*'^{X, L^) is actually the space of all holomorphic forms with 
values in L^ . In particular, the space Ti^'^^X^L^) may be written as 
H^{X,L^ Eg), where Eg is a holomorphic vector bundle, so that the 
analysis for the corresponding Bergman kernels is reduced to the situation 
studied in part 1 (twisting with a fixed vector bundle has only minor 
effects on the analysis). 

5. Asymptotic results for Bergman kernels and Toeplitz 

operators. 

The next theorem generalizes the bound 12.31 in part 1 to low-energy 
forms on X, i.e. elements of 7i<y^(X, L^). It is a refined formulation of 
the local weak holomorphic Morse inequalities obtained in p]. 

Theorem 5.1. Fix a point x in X and a direction form 9 in A^''^{X)x. 
Then the following inequality holds: 



\ag(x)f \ ^ 1 



limsup fc-"sup ' '\^' < — (x^'^^A^t)^ 



k \ \\a\\p, / TT' 



1 

det^{-dd(t)). 



where the supremum is taken over all elements a of Til^j^^lX , L'^) and 

D Ink 

Proof. In the statement of the theorem concerning local holomorphic 
Morse inequalities in [^ the global norm ||afc||j(. was considered. However, 
the proof given there actually yields the stronger statement involving 
||afc||^^ . An outline of the argument is as follows. It is enough to prove 

the statement for 6 = e^ . Consider the restriction of the normalized form 
ak to the ball Bji^ centered at the point x. Let P^''\z) := k~'2"'a{k~2z) 
and extend it by zero to a form on all of C". In [T] it was shown that one 
may assume that the sequence (5'^^\z) tends to a form (3 weakly in L^(C'*). 
Moreover, the sequence convergences uniformly with all derivatives on the 
the unit ball. This entails that /3 is harmonic with respect to the fiber 
metric 0o (section [S]) on the trivial line bundle in C". Thus, 

(5.1) limsup /?f(0)V||/5^'^|ll.m.<l/?K0)lV 



k 



iBinfc(O) 
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where we have used that ||/?|Ln < hm sup 11/3'^'^^ 11 „ ,„, thanks to the 
weak L^— convergence in C". In [T] the right hand side was shown to 
be bounded by vr"" \det^{^dd(l))x\ if / = /o and equal to zero other- 
wise. Since the hmit in the left hand side in 15.11 equals the limit of 

I r 1 2 9 

k~"' \'^ki^)\ / W'^kllB (-a.) , this proves the theorem for 6' = e-^. D 

In 1^ the asymptotics of Bk{x), the trace of the Bergman kernel form 
Bfc associated with the Hilbert spaces ?i<y^(X, L'^), was deduced from 
the previous theorem. In fact, the proof given there actually yields the 
asympototics of the Bergman kernel form itself. As in part 1 the con- 
vergence holds for the Hilbert spaces H''{X,L'') as well, under special 
conditions on the curvature of L. 



Theorem 5.2. Let B^ be the Bergman (g, q)— form of the Hilbert space 



nlAX^L''). Then 






I 

det^{-dd(j))a 



pointwise. IfX{q — l) andX{q+l) are empty than the convergence holds 
in L^{X,u!n) for Ml associated to the Hilbert space l-i'^{X,L^). 

Proof. Using the extremal propertv 14.31 of Bt.. the upper bound follows 
immediately from the previous theorem. In particular k~"Bi{x) tends to 
zero unless I = Iq (using frames as in section l!Ol . Hence, it is enough to 
prove the lower bound for the trace Bk{x) of B^. But this is containded 
in the asymptotics 13.91 proved in ^ by constructing a sequence of low- 
energy forms that become sufficiently large at the point x, when k tends 
to infinity. The corresponding result for Tif{X, L^) follows just as in the 
proof of theorem 12.11 in part 1, now using proposition 13.21 D 



The following corollary is obtained just as in part 1: 

Corollary 5.3. LetTf be the super Toeplitz operator on the Hilbert space 
1-C^^^{X,L^) with symbol form f . Then 



limr"rrTj = 7r-" / f ^x''''' 
'x 



^ 



1 

det^{-dd(t)). 



Ae'^ 



The right hand side may also be written as 

(277)-" f f^{zdd<f>)n. 



X 



If X{q — 1) and X{q + 1) are empty then the corresponding result holds 
for the Hilbert space W{X, L^). 

Now we can give the weak convergence of the Bergman kernel stated 
in an invariant way. 
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Theorem 5.4. Let K^ be the Bergman kernel form of the Hilbert space 
7Y<j^ (X, L'^) and suppose that f and g are forms in n^^\X, C). Th 



en 



(5.2) 



XxX J X 

where ^k{x,y) = —k(j){x) — k(j){y) +uj'{x) +uj'{y). IfX{q — l) andX{q + 
1) are empty then the corresponding result holds for the Hilbert spaces 
W{X,L''). 

Proof. Let us first assume that the Hilbert space is H<j,^ (X, L^). Consider 
a subset f/x V" of X, where U and V are open sets in X{q) with associated 
local frames e[j and ey. By using a partition of unity it is enough to 
prove the convergence with XxX replaced hy U x V for any such 
product. Moreover, by linearity we may assume that f{x) = F{x)e^'^{x) 
and g{y) = G{y)e^^''^{y), where F and G are functions and e^'^ is an 
abrevations for e^ A e^^ . Note that /^ is equal to F ii Lf]Io is empty and 
vanishes otherwise. Using the special form of / and g, the integral 15.21 
can be written as 

(5.3) yk-- [ Fix)Giy)\Krjix,y)\' e-^'^^^^-'^'i'^y^uj^ix) AujM, 



JUxV 

where the sum is over all (/, J) such that Lf]I and M f]J are empty. 
Let us now show that 

(5.4) limfc-" [ \Ku{x,y)f e-'^^^'^^-'^'^^y^Unix) Acur^iy) = 0, 



'^ JUxV 

unless U X V is contained in X{q) x X{q) and (/, J) = (Jq, Jq) for the 
special indices related to the direction form x'^''^ as in 13.111 To see this, 
assume for example that U is in the complement of X(g) or J 7^ Jq on U. 
The integral above is trivially estimated by the limit of 

A;-'" V [ \Kjj{x,y)\'e-"t'^''^-'^^y'>u;n{x)AUn{y), 



7 JUxX 



2 



Note that the latter integral may be written as the integral of ||IK^-,j|| e 



-k(p{x) 



over all x in U. Now, by the reproducing propertv 14.41 this integral equals 
Jjj BjuJn, which vanishes if U is in the complement of X{q) or J 7^ Jq, by 
theorem 15.21 This proves 15.41 Using 15.41 we may now write the limit of 
15.31 as 

limA;-" / f^{x)g^{y) \Kj,j,{x,y)f e~"'>^^^-"'>'-y^uj^{x) A uj^{y). 

^ JuxV 

Hence to prove the theorem it is is enough to show that ii U x V is 
contained in X{q) x X{q), the following holds: 

(5.5) limk-^y f hix,y)\Kj^j{x,y)f=f h{x,x){dd(j))r,, 

'^ J JuxV Jur\X(q) 
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for any test function h{x,y), integrating with respect to e~'''^^^^~'"^^y^ujn{x) A 
oJniy) in the left hand side (using [Ol again). To this end, recall the re- 
lation between K and an extremal a at the point x in the direction e^o ; 

J 
given in lemma SHI Now the proof of l5.5[ just as the proof of theorem 
12.41 is based on the observation that a sequence of extremals a^ at the 
point X in the direction /q satisfies the localization property 

(5.6) lim||afc||^^^=l. 

To show this, note that by theorem 



(5.7) limfc-" |a^°(a;)| e-^'^(^) = lim fc-"5/,(x) = tt" 
and by theorem l5. II 



(5.8) limsupfc-"|a^o(x)f e-^-^^'VllallB^j.) < ^" 



2 

det^{-dd(j)). 



1 

det^{-dd(f))^ 



Now 15. 61 follows from 15. 71 together with l5.8l just as in the proof of theorem 
12.41 Indeed, for a fixed point x the mass of 

J 

considered as a function of y becomes localized close to y = x,when k rw 
Finally, assume that X{q — 1) and X(g + 1) are empty and consider the 
Hilbert space H''{X,L^). Using the L^— convergence in 13.91 one sees that 
15.61 holds almost everywhere on X for a subsequence of (a^) . As in the 
proof of theorem 12.41 this is enough to prove the convergence of K(x, y) 
stated in the theorem. D 

To formulate the convergence in terms of the local matrix elements of 
the Bergman kernel, let e^ be a local frame as in section ESI on the open 
set U in X. Then we may write the convergence on f/ x f/ in the following 
suggestive way 



limfc-'^ \Kjjix,y)fe-''^^''^-''^^y^ = 6{x-y)6jjlxi,){x)l,il)7r-- 



k 



1 

det^{-dd(j)). 



where lq{I) = 1 if / = Jq and zero otherwise. As in part 1 the convergence 
may also be formulated in terms of (super) Toeplitz operators: 

Corollary 5.5. Let Tf and Tg be the super Toeplitz operators on the 
Hilbert space 7i%j^^{X , L'^) with symbol forms f anf g, respectively. Then 

\im k--Tr{TfTg) = lim k'^ Tr{Tf^ J . 

If X{q — 1) and X{q + 1) are empty then the corresponding result holds 
for the Hilbert spaces W{X, L^). 
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Proof. By definition we have that for any a and /3 in H^''^ 

{Tfa, (3)= f fAaA (3^e-''^^^' . 
Jx 

Choosing a = Tgip and P = "^ and and expressing Tj in terms of the 

Bergman kernel form 14.61 gives 

{TfTg^, ^)= [ fix) A gix) A ^(x) A K,(x, y) A ^{y^ A e*'^^^'^), 

JxxX 

where $a;(x, y) = —k(f){x) — k(f){y) + u'{x) + uj'{y). Finally, if we let \1/ be 
an orthonormal base element \l/j and sum over all i the corollary follows 
from the previous theorem. D 

Finally, the following theorem expresses the asymptotic distribution of 
the eigenvalues of a super Toeplitz operator in terms of the symbol of 
the operator and the curvature of the line bundle L. 

Theorem 5.6. Let Tj he the Toeplitz operator with form symbol f on the 
Hilbert space 7i<j,^(X, L'^). Let iji) be the eigenvalues of Tf and denote 
by d^k the spectral measure of Tf divided by /c", i.e. 



dik:=k-''Y.^n 



where (5^-- is the Dirac measure centered at Ti. Then d^k tends, in the 
weak*-topology, to the push forward of the measure {2'K)^^{idd(t>)n under 
the map f^, i.e. 



limfc-"J]a(r,) = (27r)-"y"a(/, 



[x){idd(l))r. 



for any mesurable function a on the real line. If X{q — 1) and X{q + 
1) are empty then the corresponding result holds for the Hilbert spaces 
W{X,L^). 

Proof. As in part 1 we just have to prove the theorem for a equal to the 
characteristic function of a half interval, i.e. for the counting function of 
Tf. Using a partition of unity and the max-min-principle we may assume 
that / is supported in a small open set U and is of the form Fe^'^ , where 
F is a function on U. By a comparison argument it is enough to prove 
the theorem for F a characteristic function 1^, just as in the proof of 
theorem 12.61 in part 1. Furthermore, as previously we just have to show 
that 

lim A;-"TrT? = lim fc-"TrTf. 

To this end, observe that for / = l^e^'^ clearly /^ = /^. Hence, corol- 
lary 15.51 shows that hm^ TrTf = lim^ TrTf^ , which finally is equal to 
lirai. TrTf. bv corollary lOl D 
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